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Abstract. Thapper and Zivny [ST0C'13] recently classified the com- 
plexity of VCSP for all finite-valued constraint languages. However, the 
complexity of VCSPs for constraint languages that are not finite- valued 
remains poorly understood. In this paper we study the complexity of 
two such VCSPs, namely Min-Cost-Hom and Min-Sol. We obtain a full 
classification for the complexity of Min-Sol on domains that contain at 
most three elements and for the complexity of conservative Min-Cost- 
Hom on arbitrary finite domains. Our results answer a question raised 
by Takhanov [STACS'fO, COCOON'fO]. 



1 Introduction 

The valued constraint satisfaction problem (VCSP) is a very broad framework 
in which many combinatorial optimisation problems can be expressed. A valued 
constraint language is a fixed set of cost functions from powers of a finite do- 
main. An instance of VCSP for some give constraint language is then a weighted 
sum of cost functions from the language. The goal is to minimise this sum. On 
the two-element domain the complexity of the problem is known for every con- 
straint language [1]. Also for every language containing all {0, l}-valued unary 
cost functions the complexity is known [15J. In a recent paper Thapper and 
Zivny [21^ managed to classify the complexity of VCSP for all finite- valued con- 
straint languages. However, VCSPs with other types of languages remains poorly 
understood. 

In this paper we study the complexity of the (extended) minimum cost homo- 
morphism problem (Min-Cost-Hom) and the minimum solution problem (Min- 
Sol) . These problems are both special cases of VCSP with languages where all 
non-unary cost-functions are crisp ({0, oo}- valued). Despite this rather severe 
restriction the frameworks allow many natural combinatorial optimisation prob- 
lems to be expressed. Min-Sol does e.g. generalise a large class of bounded integer 
linear programs. It may also be viewed as a generalisation of the problem Min- 
Ones [2] to larger domains. The problem Min-Cost-Hom is even more general 
and contain Min-Sol as a special case. 
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The problem Min-Sol has received a fair bit of attention in the Hterature and 
has e.g. had its complexity fully classified for all graphs of size three [13_ and 
for all so-called homogeneous languages [9^ . For more information about Min-Sol 
see LLI, and the references therein. The "unextended version" of Min-Cost-Hom 
was introduced in [6 motivated by a problem in defence logistics. It was studied 
in a series of papers before it was completely solved in [18:. The more general 
version of the problem which we are interested in was introduced in |19) 1^ 

Methods and Results. The main tools we employ are from the so-called alge- 
braic approach, see e.g. [2,Jj , and its extensions to optimisation problems |3I5| . 
Following [5T] we also make use of Motzkin's Transposition Theorem from the 
theory of linear equations. 

We obtain a full classification of the complexity of Min-Sol on domains that 
contain at most three elements. The tractable cases are given by the languages 
that can be solved by a certain linear programming formulation [2{J] and a new 
class generalising languages described in [18.19| . A precise classification is given 
by Theorem [HI For conservative Min-Cost-Hom (i.e. Min-Cost-Hom with lan- 
guages contains all unary crisp cost functions) we are able to provide a classifica- 
tion, Theorem ll3l that holds for arbitrary finite domains. This answer a question 
raised by Takhanov |18I19| . 

The rest of the paper is organised as follows. Section |2] contains needed con- 
cepts and results from the literature. Sect. [3] holds the description of our results 
and Sects. |4l|5]and|6]contain proofs of theorems stated in Sect.[3l The somewhat 
lengthy proof of our hardness results is given in an appendix. 

2 Preliminaries 

For a set F (referred to as the crisp language, or the CSP-language) of finitary 
relations on a finite set D (the domain) , and a set A (referred to as the domain 
valuations) of functions D Q>q U {oo}, we define Min-Cost-Hom(i^, A) as the 
following optimisation problem. 

Instance: A tuple (V, C, w) where y is a set of variables, w is a weight function 
V X A Q>0! C is a set of /^-allowed constraints, i.e. a set of pairs 
(s, R) where the constraint-scope s is a tuple of variables, and the constraint- 
relation i? is a member of F of the same arity as s. 

Solution: A function tp -.V ^ D s.t. for every (s, i?) G C it holds that tf{s) G R, 
where Lp is applied component- wise. 

Measure: The measure of a solution Lp is m{ip) = X^uev Si/ezi ^(''^i ^)^(<<5('y)). 

For an injective function v : D (Q>q we define Min-Sol(/^, v) as Min-Cost- 
Hom(r, {v}). 

^ The definition in [19] is sHghtly more restrictive than the one we use. Also the 
notation differ; what we denote Min-Cost-Hom(_r, A) is in fT9] referred to as 
MinHomA{r). 
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We will call the pair {r,A) a language ((/^, {i^}) is written {Fjiy)). For an 
instance / we use Var(/) for the set of variables. Opt(/) for the measure of an 
optimal solution (defined only if a solution exists). Sol(/) denotes the set of 
all solutions and Optsol(/) the set of all optimal solutions. We define ('^) = 
{{x,y} C A : a: 7^ y}. O^-* is used for the set of all m-ary operations on D. 
For binary operations /, g and h we define / through f{x,y) = f{y,x) and 
f[g,h] through f[g,h]{x,y) = f{g{x,y),h{x,y)). A ternary operation m on D is 
called arithmetical on B C Q if for every {a, b} ^ B the function m satisfies 
m(a, 6, b) = m{a, b, a) = m{b, 6, a) — a. 

Polymorphisms. Let {F, A) be a language on the domain D. By F'^ we denote 
F enriched with all constants, i.e. /^U{{c} : c G D}. An operation / : ^ D is 
called a polymorphism of F if for every R E F and every sequence t^, . . . , £ i? 
it holds that f{t^,...,t™') G R where / is applied component- wise. The set of 
all polymorphisms of F is denoted Pol(P). A function lo : O^'' — s> Q>q is a fc-ary 
fractional polymorphism [3] of {F, A) if 

1 

^u{g) = l and ^uj{g)i^{g{xi, . . . ,Xk)) < - ^i^{xi) 

holds for every v G A and every xi^. . . ,Xk £ D, and oj{g) = if g ^ Pol(/^). 
For a fc-ary fractional polymorphism lo we let supp(w) = {g S O^' : 0-1(17) > 0}. 
fPol(P, Z\) denotes the set of all fractional polymorphisms of {F,A). We will 
sometimes e.g. for binary operations / and g use {f ^ \,g ^ ^} to mean the 
fractional polymorphism mapping / and g to ^, and all other binary operations 
to 0. 

Min-cores. The language (F, A) is called a min-core if there is no non-surjective 
unary / G Pol(-r) s.t. v{f{x)) < i^(x) holds for every x G D and ly E A. We 
say that (F', A') is a min-core of {F, A) if {F' , A') is a min-core and the image 
of {F,A) under some unary mapping / G Pol(P) satisfying v{f{x)) < v{x) for 
every x € D and ly E A. The reason why we care about min-cores is the following 
result pji 

Theorem 1. Let {F',A') be a min-core of{F,A). If Min-Cost-Hom{F' , A') is 
NP-hard (in PO), then Min-Cost-Hom{F, A) is NP-hard (in PO). 

Expressive Power and Polynomial-time Reductions. A relation R is said 
to be weighted pp-definable in {F, A) if there is an instance / of Min-Cost- 
Hom(P, A) s.t. R = {{(p{vi), . . . , </?(«„)) : V & Optsol(/)} for some vi, . . . ,Vn & 
Var(J). We use {F,A)^ to denote the set of all relations that is weighted pp- 
definable in {F,A). Similarly R is said to be pp-definable in F if there is an 
instance / of CSP(/^) s.t. R — {{(p{vi) , . . . , (p{vn)) ■ ^ G Sol(J)} for some 



^ The resuhs in |12) are stated for a slightly more restricted problem than ours. It is 
however not hard to see that the results transfer to our setting. 
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vi,...^Vn G Var(/). (F) is used to denote the set of all relations that is pp- 
definable in F. A cost function v : D (Q>o U {00} is called expressible in (7^, A) 
if there is an instance / of Min-Cost-Hom(/^, Z\) and v S Var(J) s.t. v(x) = 
min{m((y9) : Lp S Sol(/), (p{v) = x} if v{x) < 00 and {ip G Sol(/) : (p{v) = 1} = 
if v{x) = 00. The set of all cost functions expressible in (/^, A) is denoted (P, A)^.. 
What makes all these closure operators interesting is the following result, see 
e.g. t3,4 lOj. 

Theorem 2. Let F' C {F,A)yj and A' C (r, Zi)e he finite sets. Fhen, Min-Cost- 
Hom,{F' , A') is polynomial-time reducible to Min-Cost-Hom{F, A). 

We will often use bipartite-graph-representations for relations, e.g. h\ b = 
{(c, a), (6, c)} and IX\ = («: c), (&, 6)}. ^ 

Finally we state a classic result about systems of linear equations that will 
be of great assistance, see e.g. [T71 pp. 94]. 

Theorem 3 (Motzkin's Transposition Theorem). For any A G Q"'^", 
B G Q^^", b G Q™ a«(i c G Q^, exactly one of the following holds: 

— Ax < b, Bx < c for some x G Q" 

— A^y + B"'" z = and (b'^y + cT z < or h^y + c^z = and z ^ {)) for some 
y G Q^o and z G Q|o 

3 Contributions 

We let D denote the finite domain over which our language {F, A) is defined. To 
describe our results we need to introduce some definitions. 

Definition 4 ((a, fe)-dominating). Let a,b E D. A binary fractional polymor- 
phism uj of {F, A) is called (a, fe)-dominating if 

5esupp(ti)) gesupp(ci;) 

Definition 5 ((A, &)-quasi-projection). Let A C D,b G D. A binary function 
f G Pol(P) is called a (A, fe)-quasi-projection for {F, A) if f\[x.y} — Pi'i unless 
{x, y} — {a, b} for some a £ A, and for every a G A and every v G A we have 
v{f{a,b)),v{f{b,a))<y{b). 

The following is a generalisation of the concept of weak tournament pairs 
that was introduced in |19| . 

Definition 6 (generalised weak tournament pair). Let A C B C {^^. A 

language (F, A) is said to admit a generalised weak tournament pair on (A, B) 
if there is a pair of binary functions /i, /2 G Pol(r') s.t. the following holds. 

^ Here 5 denotes the Kronecker delta function, i.e. 5ij — 1 Hi = j, otherwise 5ij = 0. 
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— For every {a, b} G (^) ; 

1. if {a,b} ^ B then fi\^a i,j and f2\{a.b} are projections, and 

2. if {a, b} B \ A then fi\{a,b} and f2\{a,b} are different idempotent, con- 
servative and commutative operations. 

— For any U ^ D s.t. U G (F) either no {x,y} £ A satisfies {x,y} C U, 
or there is {a, 6} G A s.t. U \ {b} G (F) and {F, A) admits either a {a,b)- 
dominating binary fractional polymorphism or a (T,b)-quasi-projection for 
some T 3 a. 

The following definition is inspired by notation used in |18| . 

Definition 7. For a,b e D we define t = {/ G O^' : f{a,b) — f{b,a) — a} 
and I = {f e O'''^ : f{a, b) = /(&, a) = b}. For xi, . . . , x^, yi, . . . , G D and 

❖ i, ■ • ■ , e {t,i} we define O2 • • • ❖m = ❖! fl ^2 H • • • n e.g. ti = tHi. 

VI y-i y,-n ai 2/2 ym b d b d 

We can now give names to some classes of languages that will be important to 
us. 

Definition 8. We say that a language {F, A) over D is of type 

— GWTP if there is A, B C s.t. (F, A) admits a generalised weak tour- 
nament pair on (A, B) and, if \ B ^ Vo\{F) contains an idempotent 
ternary function that is arithmetical on (^) \ B, 

— BSM if D = {a, b, c} and v{a) + v{c) > 2v{b) for every v € A and there are 

a c a c 

binary idempotent commutative operations n,U G Pol(r') s.t. Fl E a, UGtt 
and a\J c = ar\ c = b, 

— GMC if there is f £ Pol(r') s.t. for every v £ A the following is true. For 
all a,b £ D s.t. a ^ b it holds that if v[f{a,b)) > max(z^(a), then 
i>{f{b,a)) < min(z^(a), z^(6)), and for all a £ D it holds that z/(/(a, a)) < 
i/(a). 

Solving instances of Min-Cost-Hom expressed in languages of type GWTP, 
BSM and GMC can be done in polynomial time. This is demonstrated by 
the following results. We note that the first result describe a new tractable class 
while the following two are known casesQ A proof of Theorem [5] is given in 
Sect, m 

Theorem 9. // there is S C 2° s.t. CSP{F'= U S) is in P and {F U S, A) is 
of type GWTP, then Min-Cost-Hom{F U S,A) (and therefore also Min-Cost- 
Hom{F, A) ) IS m FO. 

Theorem 10 ([20l Corollary 6.1]). If {F, A) is oftypeBSM, then Mm- Co st- 
Hom{F, A) is in PO. 

Theorem 11 ((H Theorem 5.10]). If {F, A) is of type GMC, then Min-Cost- 
Hom{F, A) is in PO. 

* [9l Theorem 5.10] is stated for a slightly more restricted problem than ours. It is 
however not hard to see that the results transfer to our setting. 
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Instances expressed using languages of type BSM can. as proved in [20], be 
solved through a certain Hnear programming formulation. We note that this also 
holds for languages of type GMC. It is known that any language of type GMC 
must admit a min-set-function [16, Theorem 5.18]. From this it follows that also 
a symmetric fractional polymorphism of every arity must be admitted, and the 
claim follows from [20]. The tractability of languages of type GWTP on the 
other hand can not be explained by the results in [20_. It can e.g. be checked 
that the language ({^iXai' {a 0,b ^ 1}) over the domain {a,b} is of type 
GWTP. This language does not admit any symmetric fractional polymorphism. 

Often (as e.g. demonstrated by Theorem |9]) the fact that a language admits 
a binary fractional polymorphism that is (a, 6)-dominating can be useful when 
trying to show that the language is tractable. Also the fact that a language does 
not admit such a fractional polymorphism can have useful consequences. 

Proposition 12. Let a,b £ D, a ^ b. If {F, A) does not admit a binary frac- 
tional polymorphism that is {a, b)- dominating, then {r,A)e contains a unary 
function v that satisfies oo > i^(a) > I'ib). 

The proof is given in Sect. |5] 

3.1 Conservative Languages 

We call {r, A) conservative if 2^ C F, i.e. if the crisp language contains all unary 
relations. The complexity of Min-Cost-Hom(/^, A) for conservative languages 
{r, A) was classified in [T^] under the restriction that A contain only finite- 
valued functions, and that for each pair a, 6 G I? there exists some v € A s.t. 
either ^{a) < ^{b) or i/(a) > i^ib). It was posted in |18I19) as an open problem 
to classify the complexity of the problem also without restrictions on A. The 
following theorem does just that. 

Theorem 13. Let {F, A) be a conservative language on a finite domain. If 
{F, A) is of type GWTP, then Min-Cost-Hom{F, A) is in PO, otherwise it is 
NP-hard. 

We prove the theorem in Sect. [51 

Kolmogorov and Zivny [15] completely classified the conservative VCSPs. 
Since Min-Cost-Hom is a special case of VCSP one might think that the clas- 
sification provided here is implied by the results in [15 . This is not the case. 
Conservative VCSP-languages are those that contain all unary {0, l}-valued cost 
functions. Conservative Min-Cost-Hom-languages on the other hand are VCSP- 
languages that contain all unary {0, oo}-valued cost functions. 

3.2 Min-Sol on the Three-element Domain 

In this section we fully classify the complexity of Min-Sol on the three-element 
domain. Proofs of Theorem 1141 and Lemma flSl are deferred to appendices. 
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Theorem 14. Let [F, v) be a language over a three- element domain D and v : 
D — > Q>Q be injective. If {F, v) is a min-core and there is no S 2^ s.t. {FUS, v) 
is of type GWTP, BSM or GMC, then Min-Sol{F, v) is NP-hard. 

Lemma 15. Let {F, v) be a language over a three-element domain D and v : 
D — ^ Q>Q be injective. If (F, v) is a min-core and not of type GMC, then 
C (F'l^)^. 

If {F U S, v) is a min-core and of type GWTP (and not of type GMC), then 
from Lemma [m it follows that CSP(r'= U S) <p Min-So^r'^ U S,iy) <p Min- 
Sol(I^ USjiy). Since Min-Sol(i^, i') is a restricted variant of Min-Cost-Hom(F, A), 
we therefore immediately have the following. 

Theorem 16. Let {F, v) be a language over a three-element domain D and v : 
D — >■ Q>Q be injective. Min-Sol{F, i>) is in PO if {F, v) has a min-core {F' , v') 
that IS of type BSM or GMC, or if there is S C 2^ s.t. CSP{{F'Y U S) is in 
P and {F' U S, y') is of type GWTP. Otherwise Min-Sol{F, v) is NP-hard. 

We now give an example of an application of the classification. Jonsson, 
Nordh and Thapper [T3] classified the complexity of Min-Sol({_R}, ly) for all val- 
uations 1^ and binary symmetric relations R (i.e. graphs) on the three-element 

c ^~7C 

domain. One relation stood out among the others, namely: Hc^ — b4^b, where 
iy{a) < u{b) < v{c). "^'^"^ 

If v{a) -\- v(c) < 2v{b) then prj^ arg min^^ j^-jg^^, (i/(a;) -I- vijj)) = {a,c} which 
means that the relation € ({^^5}, i')w, and Min-Sold-ffs}, is NP-hard by 
a reduction from the maximum independent set problem. Otherwise the problem 
is in PO. This was determined [T3] by linking the problem with, and generalising 
algorithms for, the critical independent set problem [22\. We note that Pol({i75}) 



contains 



u 


a 


b 


c 


a 


a 


a 


b 


b 


a 


b 


c 


c 


b 


c 


c 



_n 

and 



a b c 



ll^.U iy{a) -f i^(c) > 2iy{b) this means that {{H5}, v) is 

bb c 

a c a c 

of type BSM since U, n are commutative, nGii. UGtt and anc~a\Jc~b. 

bb' bb 



4 Proof of Theorem O 



Let / be an instance of Min-Cost-Hom(/^, A) with measure m. Since CSP(-r'^) 
is in P we can, in polynomial-time, compute the reduced domain = {(p{v) : 
(p £ Sol(/)} for every v G Var(J). We will modify the instance by reducing the 
domains D^, and we will do this in such a way that we always have Dy £ {F). 

Let /i,/2 be a generalised weak tournament pair on {A,B). If there for 
some V G Var(/) is some {x, y} G A s.t. {x, y} C D„, then we know that there is 
{a, 6} e A so that D^\{6} G {F) and (F, A) admits either (1) a (a, 6)-dominating 
binary fractional polymorphism lu, or (2) a {S, &)-quasi-projection s.t. a e S. 
Assume that ipa and cpi, are s.t. m{ipa) = min{m(iy9) : ip G Sol(I)^ip{v) = a} and 
m{ipb) = miii{m{ip) : ip G Sol(/), (p{v) — b}. 
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Consider first (1). Certainly g{ipa,fb) G Sol(/) for every g G supp(w). Be- 
cause u e fPol(r', A) it follows that 

^uj{g)m{g{^a,'Pb)) = ^ i^{g) ^w{x,i^)i^{g{ipa,'fb){x)) 

5Gsupp(w) (?Gsupp(w) a:eVar(7), 

= ^w{x,i^)^ui{g)i^{g{ipa{x),fb{x))) 

xGVar(7), pGsupp(w) 

< ^M;(x,i/)i(i/(</Ja(a;)) + i/(^b(a:))) = ^{m{(pa) + m{ipb)). 

xeVar(7), 

Since uj is (a, 6)-dominating there are functions g,a : C^'' Q>q s.t. to = Q+a, 
Esesupp(e) ^(9) = Esesupp(a) '^(d) = h 9ia,b) = a for every g e supp(e), and 
/(a, b) for some / e supp(cr). This implies that 

^m{^a) + ^<j{g)m{9{'Pa,'Pb)) < ^u!{g)m{g{^a,'Pb)), 

gesupp(o-) gesupp(ai) 

SO ^ 2a{g)m{g{ipa, <fib)) < m{ipb), 

gesupp((T) 

which in turn (since X]gesupp(cr) 2o'(.9) = 1 and /(a, h) ^ b for some / G supp((T)) 
imphes that there is Lp* G Sol(/) s.t. m{(p*) < m(ipb) and ^p*{v) ^ 6. Hence 6 can 
be removed from Dy without increasing the measure of an optimal solution. To 
accompHsh this the constraint (v, Dy \ {b}) is added to /. 

Now consider (2); {P, A) admits a (5, 6)-quasi-projection / for some S 3 a. 
Let W = {v E Var(/) : {a,b} C Dy for some a e S}. From the definition of 
Dy we know that, for every v G W, there is a solution ipy s.t. (py{v) G S. Now, 
ifW = {wi,W2,...,Wm} then 6 =■ f{(py,^,f{(py,,^,...,f{ipyj^_^,(py,^)...)) is a 
solution that maps no variable in W to 6. Moreover, if (p* is an optimal solution, 
then f{(p*,6) is also optimal, and maps W into D \ {b}. Hence b can be removed 
from Dy without increasing the measure of an optimal solution. To accomplish 
this the constraint {v, Dy \ {b}) is added to /. 

We repeat this procedure until (^'') n A = for every v G Var(/). Clearly 
this takes at most \D\ ■ | Var(/)| iterations. 

Let /{ = /i[/i,/i] and /a = /2[/2,/2]- Note that f[\{x,y} and /zlj^.y} are 
different conservative, idcmpotent and commutative operations if {x,y} G B\A 
and projections if {x,y} G (^) \ B. If fi\{x,y} = Wi for some {x,y}, then 
fi\{x,y} = fi\{x,y} = Pri, and if fi\{x,y} = pr2, then f[\{x,y} = h\{x,y} =W^ = 
pr^. So fi\{x y} = pri for every {x,y} G (^) \ B. The same arguments apply also 
for 

Clearly /{|d„ and /2|i5„ are conservative operations for every v G Var(/). Let 
g G Pol(J^) be a ternary idempotent operation that is arithmetical on (■^) \B. De- 
fine g' through g'{x, y, z) = g{f[{x, f[{y, z)), /{ (y, /{ (x, z)), /{{z, fi{x, y))). Since 
f{ = pr^ on (^) \ B also is arithmetical on (^) \ B. Since /( is conservative, 
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commutative and idempotent on B\A we have /{ (x, f[{x, y)) = f[{x, f[{y, x)) = 
f'liVi Iii^i ^)) ^ v} foi' every {x, y}^B\A.so g' is conservative on (^) \ A. 
Note that f[J2,g' e Pol(r+) where r+ = T U {S : S C Dy for some v e 
Var (/)}). This together with the fact that only a constant number of subsets of 
D exists means that the modified instance / is easily turned into an instance of 
the multi-sorted version of Min-Cost-Hom (7^+, Vd), where V^i is the set of all 
functions D ^ ]N, and is solvable in polynomial time [19, Theorem 23] . 

5 Proof of Proposition [12] 

Let n ^ O'''^ n Pol(r), r^i = {/ G : /(a, 6) = a}, {/ e ^2 : /(a, 6) = 

6} and fl-^ ~ fl\ U fl^)- The language (-T, Z\) admits a binary fractional 
polymorphism that is (a, 6)-dominating if the following system has a solution 

Ug e Q, .g e n. 

^ Ugv{g(x, y)) < + i^{y)) for {x, y) G D> G Z\, -Ug < for g G 

f?tz^^^ g^Oi g^^^2 

If the system is unsatisfiable, then, by Theorem|3j there are Og, wi, W2, 

W3, z G (Q>o for (x, y) e v e A, g e n s.t. 

X! 2/))v(a:,y),i/ - Og -|- lUi - ■u;2 - = 0, 5 e I2i, 

t^igix, y))v(x,y),u - Og +wi ~ W2 + z = 0, g e f22, 

X! '^iaix, y))V(x,y)M -Og+Wl-W2=Q, 5 G 123, 



2 1 3 1 

w — —w + -z — a, 



(an,j/)GDf i/GZi 

where either a < or a = and z > 0. Hence, for every 5 G i7i and h ^ Q2, 
^{v{x) + v{y))v(^^^y)^^ + Og + Oh = ^{v{g{x, y)) + v{h{x, + a. 

{x,y)£Dfv£A {x,y)&Dfi/^A 

Note that since prj^ G f2i and pr2 G i72 we must have a = 0, Opj.^ = Opi-^ = 0, 
and z > 0. This means that 

™i? ^ ^(5(2^: = i^(pri(a;, y))w(:E,a),i. = -wi + W2 + W3 

gGih — — 
{x,y}eDf:yeA (x,y)£D^iJ£A 

> -wi +W2 - z i^ipr^ix, y))v(^^y)^^ = min ^ v{g{x, 

{x,y)GDfi^GA {x,y)£D^v&A 
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Create an instance / of Min-Cost-Honi(_r, A) with variables and measure 
'miv) = Y.{x,y)eD'^ueA'"(x:y),uv{'^{x,y)). Pick, for every g G O^^ \ Q, & relation 
Rg G r s.t. g does not preserve Rg. Add for each pair of tuples t^,t^ G Rg the 
constraint (((^i, if), • ■ • , (^ar fl, ' _Rg))' ^s)- This construction is essentially the 
second order indicator problem [8j . 

A solution to J is a function ip : D that by construction is a binary 

polymorphism of F, i.e. ip SI. Clearly prj^ and prj satisfies all constraints 
and are therefore solutions to I. Let ^(x) = minggSoi(7):g(a,6)=a; '^(s)- Note that 
ly G {r, Z\)e and cx) > i'{a) > iy{b). This completes the proof. 

6 Proof of Theorem 1131 

The proof follows the basic structure of the arguments given in [T8|. A key 
ingredient of our proof will be the use of Theorem |9] and Proposition [121 

Let r+ = r U (2-° U 2^') n (r, A)^. Note that if {r+ , A) is of type GWTP, 
then so is also {F, A). Since Min-Cost-Hom(/^+, A) is polynomial-time reducible 
to Min-Cost-Hom(/^, A) we therefore assume that C F. We also assume 
{c} G F for every c G D. 

Let B C be a minimal set s.t. for every {a, b} G (^) \ B there is a ternary 
operation in Pol(i^) that is arithmetical on {a, b} and all binary operations in 
Pol(P) are projections on {a,b}. Then, let A be a maximal subset of B s.t. for 
every {a, b} G A there is w G fPol(-r, A) s.t. u is either (a, 6)-dominating or 
(6, a)-dominating. Let T be the undirected graph {M,P), where M — {{a,b) : 
{a,b} e Fr\B\A} and P = {{{a,b), {c,d)) G AP : Pol(r) nil = 0}. 

6 d 

By Proposition [T2l we know that for every (a, 6) G M, there are z^, r G {F, A)e 
s.t. i'(fo) < i'{a) < oo and T(a) < T(fe) < oo. By the classification of Min-Cost- 
Hom on two-element domains this implies the following. 

Lemma 17. Either; for every (a, b) G M there are f,gG Pol(r') s.t. f\{a,b} ciiT-d 
9\{a,b} fl^e two different idempotent, conservative and commutative operations, 
or Min-Gost-Horn{F, A) is NP-hard. 

Lemma 18 ( |18l Theorem 5.3]). IfF is bipartite, then there are f,gG Pol(-r) 
s.t. for every (a, &) G M, f\{a,b} fl'^'^5l{a,6} ^^^6 different idempotent conservative 
and commutative operations, or Min-Cost-Hom{F, A) is NP-hard. 

Lemma 19 ((HI Theorem 5.4]). Let C C (^) . IfC C F and for each {a, 6} G 
C there is a ternary operation m^"''''^ G Pol(r') that is arithmetical on {{a,b}}, 
then there is m G Pol(r') that is arithmetical on C . 

So, if F is bipartite and (F, A) is conservative, there is a generalised weak tourna- 
ment pair on {A, B) and an arithmetical polymorphism on (^) \B. Here (F, A) is 
of type GWTP, and by Theorem|9| we can conclude that Min-Cost-Hom(P, A) 
is polynomial-time solvable. 

This following lemma finishes the proof of Theorem [T31 A corresponding 
result, for the case when A is the set of all functions D — > IN, is also achieved 
in [18]. Our proof strategy is somewhat different from that in [18], though. 
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Lemma 20. IfT is not bipartite, then Min-Cost-Hom{r, A) is NP-hard. 

Proof. We will show that if T is not bipartite, then |^Xa ^ (^) ^'^'^ some (a, h) G 
M . From this it follows, using Lemma [TTl that Min-Cost-Hom(F, A) is NP-hard. 
We will make use of the following result. 

Lemma 21 ([HI Lemma 4.2]). // ((a, 6), {c,d)) G P, then either °Xd ^ (-^) 

Since C and since there are functions v,t E {F, A)e s.t. i'{b) < i'{a) < oo 
and T{d) < r(c) < oo, we immediately get the foUoring. 

Corollary 22. // ((a, b), (c, d)) e P, then ^ r. 

Since T is not bipartite it must contain an odd cycle (ao,6o)i (^^ii^i); 
(02*7 ^2fe): (floi^o)- This means, according to Corollary 1221 that P contains re- 
lations eo,i, £'1,2, • ■ • , £'2fc-i,2fe, fcfe.o where ftj = b^XbJ • Since the cycle is odd 
this means that go,i o £11^2 o • • • o g2k-i,2k ° 92k,o = boXb" ^ (^)- 1^ 

7 Concluding Remarks 

We have fully classified of the complexity of Min-Sol on domains that contain 
at most three elements and the complexity of conservative Min-Cost-Hom on 
arbitrary finite domains. 

Unlike for CSP there is no widely accepted conjecture for the complexity of 
VCSP. This makes the study of small-domain VCSPs an exiting and important 
job. We believe that a good approach for the task is to study Min-Cost-Hom — 
it is interesting for its own sake and likely easier to analyse than the general 
VCSP. 

A natural continuation of the work presented in this paper would be to 
classify Min-Cost-Hom on domains of size three (or four). This probably is a 
result within reach using known techniques. Another interesting question is what 
the complexity of three-element Min-Sol is when the domain valuation is not 
injective (we note that if the valuation is constant the problem collapses to a 
CSP whose complexity has been classified by Bulatov [1], but situations where 
e.g. v{a) — v{b) < i'(c) are not yet understood). 

Acknowledgements. I am thankful to Peter Jonsson for rewarding discussions 
and to Magnus Wahlstrom for helpful comments regarding the presentation of 
the results. 
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A Proof of Lemma 1151 

Let D — {a, 6, c} and v : D ^ Q>q be s.t. v{a) < v{h) < z^(c). We assume that 
{r, v) is a min-core. 

c\ /c c c c\/c c\/c c /c c\ c 

Let 71 = b Y b, 72 = bwb, 73 = b/\b, 74 = bX b , 75 = h-J b and 76 = b^b. 

a/ \a a/\a a a a \a a/\a a \a 

Lemma 23. // (P, i^) is not o/ type GMC, then 7^ G {F, for some i e [6]. 

Proof. We will make use of the following fact [9, Lemma 5.6]: If {F, v) is of type 
GMC, then for every R G F we have (mini, pri i?, • ■ • , mini, pi'ar(_R) ^) ^ ^- We 
say that a relation i? is generalised min-closed if this property is satisfied. 

If F is not of type GMC, then there is R <E F that is not generalised 
min-closed. Consider first the case when ar(i?) = 2. Let wi be the z^-minimum 
element in prj^ R, and 'W2 be the zz-minimum element in prj R. Let qi be the 
z/-minimum element in {x : {x,W2) G R}, and 92 be the ^/-minimum element in 
{y- iwi,y) eR}.Seta= Now either arg min(^ y^^i^ ai^{x) + i^{y) or 

its inverse is one of 71, . . . , 75. This establishes the claim for ar(i?) = 2. Assume 
it holds also for every relation R with ar(i?) < to. Let Ri = {{xi, . . . , Xm) G R ■ 
Xi is i^- minimum in pr^ R}. If Ri is not generalised min-closed for some i G [to], 
then prj^]_ji? is not generalised min-closed, so the result follows from the in- 
ductive hypothesis. Otherwise (q,W2, ■ ■ ■ ,Wm), iwi,r,W3, . . . ^Wm) G R where 
Wi is the z^- minimum element in pr.j R and q, r are not j/-minimal elements 
in prj^ i? respective pr2 -R. This means that P — {(x^y) : (x^y, . . . , Zm) G 
R and Zi is i/-minimal in pr, R} is not generalised min-closed, so again, the re- 
sult follows from the inductive hypothesis. □ 

By Lemma we know that 7^ G {F, i>)w, for some fc G [6]. This immediately 
yields two constants: prj^ arg min^^ ^^-jg^^ v{x) and prj^ arg min^^ '^{v)- We 
may assume that one of these constants is a since we always have arg min^g^ ^i^) 
{a} G {F, v)^. Assume that the second constant is c (the arguments for the other 
case is analogous). Let / = {a 1— ^ a, & 1— ?■ a, c 1— c}. Since _r is a min-core, we have 
/ ^ Pol(r). We must therefore have a wittiness P e F s.t. t e P but f{t) ^ P. 
Let P' — {x : {zi, . . . , 2ar(P)) G P} where Zi — c if ti = c, Zi — a if ti — a and 
Zi = X otherwise. Clearly {b} = arg minj,gp, i>{x). 



B Proof of Theorem [T4l 

The following variation of Lemma 3.5 in ^21j will be useful, we prove it in Sect. O 



Lemma 24. // ^ {r,'^)w, then there is lj € fPol(-r, Z\) s.t. there is f G 
supp(a;) satisfying {f(a, b),f{b, a)} ^ {a, b} and v{f{a, b)) + v{f{b, a)) < iy{a) + 
v{b) for some v ^ A. 

Let (/^, v) be a min-core language over the domain D = {a, b, c}. We assume 
that {a}, {6}, {c} G F. Let r+ T U (2^ U 2^') n (r, Note that if {F+ ,v) 
is of type GWTP (GMC, BSM), then also (r, u) is of type GWTP (GMC, 
BSM). 
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Since Min-Cost-Honi(_r+, h') is polynomial-time reducible to Min-Cost-Hom(/^, v) 
we therefore assume that C F. 

We will use x c>i^ y to denote that the binary fractional polymorphism lu is 
{x, y)-dominating. 

Let B C be a minimal set s.t. for every {a,b} e (2) \B there is a ternary 
operation in Pol(P) that is arithmetical on {a, 6} and all binary operations in 
Pol(P) are projections on {a,b}. Then, let A be a maximal subset of B s.t. for 
every {a, b} <E A there is w G fPol(P, i^) s.t. lu is either (a, fe)-dominating or 
(b, a)-dominating. 

We can assume that there are /i,/2,?7t- G Po1(/^) s.t. for every {x,y} G 
rr\B\A it holds that fi\{x.y} ^iid f2\{x.y} ^re different idempotent. commutative 
and conservative operations, and on \ B, m is arithmetical while f,g are 
projections. Otherwise, by Lemmas [TTl [TSl [TOl and |20] Min-Cost-Hom(r, v) is NP- 
hard. This means that if there is any {x, y} (1 D that admits either a fractional 
polymorphism that is (x, 2/)-dominating, or a polymorphism that is a (X, y)- 
quasi-projection for some X 3 x, ot if F is conservative, then (F, v) is of type 
GWTP. 

In the following we therefore assume that {F, A) is not conservative and that 
it does not admit any polymorphism that is a {X, y)-quasi-projection for some 
X C D and y £ D, or any fractional polymorphism that is {x, j/)-dominating for 
some x,y G D. 

We split the rest of the proof in six cases depending on which unary relations 
F contains. It follows from Lemma that either {F,v) is of type GMC, or F 
contains at least one two-element subset of D. 



B.l {a, 6} r, {a, c} 6 T, {b, c} € T 

By Lemma there is a; G fPol(-r, v) s.t. some / G supp(w) satisfies / G 4,. This 

a 

means, unless a 6, that every g G supp(a;) is conservative and that there is 
/' G supp(tj) n t- 

a 

1. If F and Jj^Jj ^ then by Lemma [Ml we may assume that there 
is (7, ft, G supp(a;) s.t. 5 G i and /i G i. If there is any i G supp(a;) s.t. i G 4, 

a ^ ^ b a 

and i ^ t; then i' — i] G ii. In this case ij; = {i' ^ j^i' ^ j^h ^ j,h ^ 

a a a 

;|} G fPol(-r, v), SO unless a\>^ b, a >^ c or b c it must hold that i' , h are 
complementary and (F, v) is of type GWTP. 

b c c c b c 

Otherwise it follows by symmetry that supp(aj) n i C -f t, supp(aj) n i C f-t- 

c b c a ab a ab 

and supp(aj) fl 4, C tt, this constradicts that lu G iPo\{F, v). 

baa ^ 

2. If ^Xa ^ ^ ^'^'^ bXs ^ then by Lemma [Ml we can assume .g G i for some 

b 

g G supp(a;). Here ^ {g ^ \,g ^ \, f ^ \, f ^ \) e fPol(r,iy). Unless 
(7, / are complementary at>^b or bt>^ c, so [F^ v) is of type GWTP. 

3. If ^ ^ fcXfc S then by symmetry to the case above, {F, v) is of 
type GWTP. 
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4- If aXa e r and IXl e r, then by /, /', (r, is of type GWTP. 

B.2 {a,b} e r, {a,c} e r, {b,c} ^ r 

By Lemma there is G fPol(P, i^) s.t. (/, f){b, c) jj^^ for some / G supp(aj). 

1. If l^^l^ ^ and |jXa ^ t^i^n, by Lemma fM\ we may assume g G i, /i G 4, 
for some g,h G supp(tj). ° " 

6 c — 

(a) If there is z G Pol(r) s.t. z G ii, then tp = {i ^} e fPol(r, u) 

c ^ ^ 

and a 6, or z G t- Note that /' = /] is commutative and satisfies 

b 

f{h,c) G {o,6}. So V = {/' ^ i} G iVo\{r,v) and must be 

complementary unless a\>^b, a c ov c\>^ b. This means that (F, v) is 
of type GWTP. 

(b) Otherwise Pol(r) n i C t and Pol(r) n i C f. 

a a a a 

— If there is r G Pol(P) s.t. (r, c) ^ and r is a projection on 
both {a, &} and {a, c}, then if (r, r)(&, c) G ^Xa have = 

1-^ i} G fPol(P, z^) and c 6, and if (r,r)(6,c) G ^Xa, then 
r[r, r] is a ({6}, c)-quasi-projection. 

h c 

— If there is r G Pol(r) s.t. (r, r)(6, c) ^ ^Xb ^^^^ r G ;t: 

• If (r, c) G )jXa' consider the following. "° 

* If {hji){b,c) G ^Xa> let r' = h[r,r] and /i' = g[hji\. Now 
V' = {r' H> i-> 5} G fPol(r, z^) and cl>^ 6. 

* If {h,h){b,c) G ^XL let r' = h[r,r] and /i' = h[h,h]. Now 
^ = jr' h-^ i, /i' i} G fPol(r, v) and 6 c. 

* If {h,h){b,c) = {a, a), let h' — h[pri,h]. Here /i' G ti and 
(/i', c) G J^Xa' ^° tl^e previous case applies. 

^ c 

* If {h,h){b,c) G ^Xb' let /i' = r[/i, /i]. Here h' GtJ- and also 
{h' , h'){b, c) G ^Xa' other cases can be used. """" 

• If (r,r)(6,c) G I^Xa' let ^' = Hr^r]. Here either r',/i' = r'[h,h] 
are complementary and (I^, i') is of type GWTP, or = {r' M> 
i, /i' i} G fPol(r, i^) and b>^c. ^ 

— If there is r G Pol(P) s.t. (r, r)(6,c) ^ |jXh and r G ti, then by 

a a 

arguments symmetric to the ones above, {F, i') is of type GWTP. 

— Otherwise, every r G Pol(i^) s.t. {r,r){b,c) b)^b satisfies r G tt- 
This constradicts that ui G fPol(I^, v). 

2. If ^Xa ^ ^ ^^'^ aXa then, by Lemma [Ml we may assume h £ i for 
some /i G supp(cLi). " 

If there is /' G^upp(w)_^M/',7)(«, 6) e ;:Xa and (/',7)(6,c) ^ IjXb. 

then V' = {h[f,T] ^ i,/i[/',7'] 5} e fPol(r,i/) and ao^ 5. And, if there 

is i G supp(a;) s.t. i G 4, and i ^ t, then ^ ~ {i ^ ^ ^} £ fPo\{F, v) and 

a b 

a >^ b. Since we can assume that no operation in supp(a;) is a projection on 
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b c 

both {a, b} and {fo, c}. this means that if j G supp(a;) and j t, then j e t- 

a b 

So, unless w is s.t. a>tj 6 or ci>ij fe, it must hold that /, h are complementary, 

and (r, ly) is of type GWTP. 
3. If [^Xa ^ aXa ^ then, arguments symmetric to those in the case 

above establishes that {F, v) is of type GWTP. 
4- If aXa e ^ and ;;Xa ^ t^i^ foUowiug holds. If (/,7)(6,c) ^ (a, a), then 

■;/; = {/ n> i, / i} G fPol(_r, and either h^^cox c>^, b. Otherwise 

{f,f){b,c) = (a, a) and /[/,/] is a ({6}, c)-quasi-projection. 

B.3 {a,b} e r, {a,c} ^ r, {b,c} e r 

By Lemma 123] there is a; G fPol(/^, and / G supp(aj) s.t. (/, f ){a,c) G ^^^^ . 
1- If aXa ^ r and ;;X6 ^ -T, then, by Lemma [Ml 

we may assume that there 
is g, ft, G supp(w) s.t. g G 4. and /i G J.. We also have k G supp(a;) s.t. fc G t 

a b a 

since otherwise ao^ 6. Since {a,c} ^ (-T) there is / G Pol(_r) s.t. f{a,c) = b. 
We can assume /(c, a) — b since otherwise either /' = h[f, f] or /' = k[f, f] 
satisfies f'{a,c) = f'{c,a) = 6. 

If there is i G Pol(r, v) Da, set h' — i[pri, /]. Here = {h' t-^ \,h' i-> |} G 
fPol(r, i^) and a c. Otherwise Pol(r) n I C t and Pol(r) n t C f. 

b a a b 

— If thers is / G supp(a;) that is a projection on {a, 6}, {6, c} and satisfies 
{fj){a,c) G I^Xa' then /[/,/] is a ({a}, c)-quasi-projection. 

— Otherwise we can assume that supp(w) = i7iUi72, where Qi = supp(w)n 

be be 

It and J/2 — supp(w) fl tj.. 

If there is / G supp(w) s.t. {fj){a,c) G ^Xi^ then /' = g[f.J] G I 

be be / / ^ 

and / Gitor/Gti- Assume wlog the latter holds, then / , .g = 

ab a b 

f'[g,'g] are complementary and (Fjiy) is of type GWTP, or ip = 
{/' i} G fPol(r, z^) and a >^ c. 

• Otherwise every / G supp(w) s.t. {f,f){a,c) G |^Xa commutative 
and satisfies /(a, c) = b. If there is any / G supp(aj) s.t. (/, /)(a, c) G 
then u! can be modified by changing / to h[f, /]. We therefore 
assume that every / G supp(a;) that is not a projection on {a, c} is 
commuatative on {a,c} and satisfies /(a,c) G c}. 

* If i^{a) + iy{c) < 2v{b), then since not all operations in supp(aj) 
are projection on {a, c} it is impossible that uj G fPol(/^, v). 

* If v{a) + v{c) > 2 then since w G fPol(-r, z/) and v{a) < v[b) 
there must be /i G ^?i,/2 G s.t. /i(a, c) = /2(a,c) = 6. So 
(I^, z^) is in this case of type BSM. ^ 

2. If J^Xa ^ ^ ^'^'I bXb € then, by Lemma [24l we may assume g G ^ for 
some g G supp(a;). Assume wlog that g\{b,e] = V^i- " 

— If {fJ){a, c) G [^XL set /' = g[fj]. In this case/', g are complementary 
and {r,v) is of type GWTP, or ^ = {/' i, /' ^ i, g ^ i, g >^ i} G 
fPol(i^, v) and a 6 or o >^ c. 
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c b 

- Otherwise /(a^c) = /(c,a) = b, and g' = prj, .g[/, pr^]] G ii, so 
V; = {g' K> i} e fPol(r,iy) and a>^c. 

3. If S ^ ^'^^ bXb ^ then, by Lemma [24| we may assume G i for 
some h G supp(aj). Assume wlog that h\^a,b} = pri- 

Since {a, c} ^ (F) there is a binary operation / G Pol(-r) s.t. /(a, c) = &. Let 

/' = /i[/J] and note that (/',f)(a,c) G ;:Xa- 

- If {h,h){a,c) ^ aXa> then h[h,h] is a ({a, 6}, c)-quasi-projection. 

- If lh,h){a,c) G ;^Xa. then = {h ^ ^ e fPol(r, i/) and &i>^ c. 

- If {h,h){a,c) = (c, c), then /i' = G i and {h',h'){a,c) G ^Xb' 
the first case applies. 

4. IfaXaG_^and^X6e/^,then, 

- if (/,/)(a,c) G 'Xa. then = {/ i, / ^ i} G fPol(r, i.) and a >^ c, 

- otherwise {f, f){a,c) = {b,b). Here /[/,/] is a ({a}, c)-quasi-projection. 



B.4 {a,6} 6 r, {a,c} ^ r, {b,c} ^ r 

By Lemma [Ml there is G fPol(/^, i^) and / G supp(a;) s.t. (/, /)(a,c) G ^X^- 
By Lemma |23l ^Xa ^ is of type GMC. Since {b, c} ^ (r) we have 

g G Pol(r) s.t. (.9,g)(6,c) G bVb. Let g' - /[.g,g], now (g',?)(6,c) G ^X'. 

- If ifJ){c,b) G fcXb' then /' = g'[fj] (or /') is a ({a, 6}, c)-quasi-projection. 

C\ /C 

- If (/, /)(c, b) G bXb, then /' = /[/, /] (or /') is a ({a, 6}, c)-quasi-projection. 

- Otherwise / G t- 

f) 

• If (/, /)(a, c) G qXq' then assume wlog /(c, a) = b. Let /' 5'[pi'i,/]- 
If /'(6,c) = a let /" - otherwise let /" = g'[f,n Now /" is 
a ({a, 6}, c)-quasi-projection. 

• Otherwise / G J.. Since {a, c} ^ there is i G Pol(P) s.t. i{c,a) — b. 

a 

Note that /' — i{pi\,f) satisfies {f , f'){a,c) — (a, 6). This takes us to 
the previous case. 



B.5 {a,b} ^ r, {a,c} e r, {b,c} ^ r 

By Lemma l24l there is w G fPol(/^, v) and g G supp(cL>) s.t. 5 G 1. By Lemma [23l 

a 

^Xq £ r, or (I^, J/) is of type GMC. Unless a>uj b every i G supp(w) is conser- 
vative on {a, b}. Since {b, c} ^ F we also have h G Pol(/^) s.t. /i(6, c) = a. 

Let i? be the relation generated by Pol(/^) from JjXb- Since h{b,c) — a, R 

can not equal ^Xb or bXb- Neither does i? equal b-T^b or b^b. To see this note 

a/ \a a/ \a 

that; in the fist case, since {c} G F, it follows that {a, b} G (i^), a contradiction, 
and, in the second case there can not be a ternary operation m G Pol(r') that 
is arithmetic on {a,c}, this contradicts that {a, c} is a cross-pair. Hence, there 



must be / G Pol(r) s.t. (/,/)(6,c) G 
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If y ^ t, then ip — ig^^^g^^}^ fFol{r,]y) and a >^ b. We therefore 

b 

assume Pol(r) n i C t. This means that ^ ^ {g ^ ^ \t f ^ \t f ^ \} € 

a b 

fPo\{r,i'). So either f,g are complementary and (-T, z^) is of type GWTP, or 
a >^ b or c >^ b. 

B.6 {a,b} ^ r, {a,c} ^ r, {b,c} e r 

By Lemma l24l there is w G iPo\{r,v) and f,g E supp(w) s.t. {f,f){a,c) G 
and g e i. By Lemma ^ or (-^i is of type GMC. Assume wlog 

a 

that 5|{fc^c} — P^2- Unless a >^ 6 every i G supp(a;) is conservative on {a, 6}. 

- If (/J)(a,c) e ;:Xa. tlien /' = ^[/J] G I and - {/' ^ \,T ^\,g^ 

a 

\,'g ^ |} G fPol(/^, z/). So either f',g are complementary and {r,v) is of 
type GWTP, or a c or a 6. 

- Otherwise {fj){a,c) = (6,6). Here /' = 5[pri,/] satisfies {f',f'){a,c) G 
aXa' ^^^^ the previous case can be used. 

C Proof of Lemma [241 

We need the following variant of Motzkin's Transposition Theorem that is easy 
to derive from Theorem |3] 

Theorem 25. For any A G Q'"^" and B G Q^^", exactly one of the following 
holds: 

- Ax <0, Bx <0 for some x G Q>o 

- y + B"^ z > and z for some y G Q>o and z G Q>q 

Let I2i = C»^^^nPol(r) and = {/ e : {/(a, 6), /(6, a)} ^ {a, 6} and z/(/(a, 6))+ 
u(f(b,a)) < v{a) + i^(6) for some G Zi}. Assume there are p^x.y).^ G Q>o for 
(a;,y) G G Z\ s.t. 

P{x,y),iy'^{pri{x,y)), 5GJ7i,iG[2], (1) 
'^P(x,y),vv{g{x,y)) > ^p(x^y)^^i'{pr^{x,y)), g e ^2,1 E [2]. (2) 

{x,y)eD^i'eA {x,y)eDfiy£A 

We will show that in this case we have ^Xfc ^ (-^' ^)t«- 

Create an instance / of Min-Cost-Hom(J^, A) with variables D^, and objective 
= J2(x,y)eD^^GAP{x,y),uviv{x, y)) ■ Pick, for every g G \ a relation 
Rg E r s.t. g does not preserve Rg. Add for each pair of tuples t^,t^ G Rg the 
constraint (((t}, t^), . . . , (t^i?, > C i?,,)): ^s)- 

A solution to / is a function ip : — > D that by construction is a binary 
polymorphism of F, i.e. G Clearly prj^ and prj satisfies all constraints and 
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are therefore solutions to /. By ([T]) the projections are also optimal solutions. 
By ([2|) any function in f22 has a larger measure than pr^^ or pr2. Hence, if P = 
{{(p{a,b),(p{b,a)) : (p G Optsol(/)} we have arg niin(^ ,^)gp + '^(y)) = 

bXb. and therefore ^Xb ^ {r,A)^. 

This of course means that the system (IT|) + ([2]) can not be satisfied. We can 
write (Pl+dl]) as 

^P(x,y),u{i'{Wt{x,y)) - v{g{x,y))) < 0, g e € [2], 

(x,y)&D'^v£A 

^P(x,v)A^i'P^ii^^v)) ~ ^{9ix,y))) < 0, g e n2,i (E [2]. 

If this system lacks a solution P[x.y).v G (Q>o for {x,y) G v e Z\, then by 
Theorem there are z^^.g e (Q>q for i,j £ [2], g e Qi s.t. 

^(i^(pr,(a;,y)) - i^{g{x,y)))zij^g > 0, G L»? i/ € Z\, 

ie[2]je[2],ger2j 

where Zi^2,g > for some i E [2],^ G f22- So 

^{iy{x) + v{y) - y)) - v{g{y, x)))z,^j^g > 0, {x, y) E Df E A, 

ie[2],je[2],genj 

and with Zj^g = ^ij.g + Z2,j.g we have 

^(j/(a;) + i^{y) - i^(.g(a;, y)) - I'igiy, x)))zj^g > 0, (x, y) E D'^ v E A, 

je[2\,genj 

Let g — Zj^g + Zj^g and note that 

Y^{v{x) + v{y) - v{g{x, y)) - v{g{y, x)))z'^ g > 0, {x, y) E v E A, 
je[2],genj 

and therefore, since Zj g — z'^g for j E [2], 

Y,{u{x) + v{y) - 2y{g{x, y)))z'^ g > 0, [x, y) E ,y E A, 

je[2],ge{2j 

Note that by construction Z2 g > for some g E fi2- We can rewrite this system 
into 

^uj{g)v{g{x,y)) < ]-{u{x) + u{y)), {x,y) E D'i v E A, 

by defining uj : O^-* — > (Q>o as 

^^^^ _ Xi-2i(g)2zi^g + Xr22(g)24,g I 
EgGog> {g)2z[ g + xn^ (5)24,9) 

Clearly uj E fPol(P, A) and ^(17) > for some g E 



^ Here xn ■ — {0, 1} is the indicator function for the set J7. 



